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It is shown that the orbits of the space of local deformations of the
Lie algebra A¯5 over an algebraically closed field K of characteris-
tic 2 with respect to the automorphism group PGL(6) correspond to
GL(V )-orbits of tri-vectors of a 6-dimensional space. For local de-
formations corresponding to tri-vectors of rank ρ < 6, integrability
is proved and global deformations are constructed.
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1. Introduction
Deformations of Lie algebras are of considerable interest in the study of sim-
ple modular Lie algebras, especially in the case of fields of low characteristic.
Classical Lie algebras over fields of characteristic zero and characteristic p > 3
are rigid (see [1]). In [2], [3] it is proved that over fields of characteristic p > 2
only algebras of type C2 have non-trivial deformations, their description is
given in [4], [5]. At present there does not seem to exist any complete de-
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scription of deformations of classical Lie algebras of characteristic 2 and Lie
algebras of their derivations. Spaces of local deformations of classical Lie
algebras with a homogeneous root system are found in [6]. Among the Lie
algebras of series A, only the algebras A¯3, A¯5 have nontrivial local deforma-
tions. Global deformations A¯3 are described in [7]. In [8], isomorphisms are
constructed between deformations A¯3 and the known simple 14-dimensional
Lie algebras of characteristic 2.
In this paper, we study the global deformations of a simple Lie algebra
L of type A¯5 = A5/Z over an algebraically closed field K of characteristic 2.
Here, as in [5] and [7], the consideration is based on the study of the orbits of
the space of local deformations H2(L, L) with respect to the automorphism
group G of the algebra L, since cocycles belonging to the same orbit define
isomorphic families of deformations. In our case, G = PGL(6) ⊂ Aut(L). In
the paper an isomorphism of GL(6)-module H2(L, L) and the module of tri-
vectors shifted by Frobenius morphism and character det−1 is constructed.
This makes possible to reduce the classification of G-orbits of H2(L, L) to
the classification of GL(V )-orbits of tri-vectors in the 6-dimensional space V .
In the case of the field of complex numbers, this problem was solved by W.
Reichel in 1907 [9] (see [10]). Namely, there are 5 orbits of tri-vectors with
the following representatives:
(I) 0;
(II) e1 ∧ e2 ∧ e3;
(III) e1 ∧ (e2 ∧ e3 + e4 ∧ e5);
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(IV) e1 ∧ e5 ∧ e6 + e2 ∧ e6 ∧ e4 + e3 ∧ e4 ∧ e5;
(V) e1 ∧ e2 ∧ e3 + e4 ∧ e5 ∧ e6.
It means that for a tri-vector w there exists a basis of V with respect
to which w is written in one of the five canonical forms (I) – (V). Orbits
(I) - (V) exist over fields of any characteristic. Orbit (V) is that of general
position (see [11], The Basic Table). The set of non-trivial tri-vectors of rank
ρ < 6 consists of orbits (II) and (III). Note that for n-dimensional space the
classification is obtained by J.A. Schouten (n = 7, 1931, [12], see [10]), G.B.
Gurevich (n = 8, 1934-35, [13] - [15]), E.B. Vinberg and A.G. Elashvili (n
= 9, 1978, [16]). For short, we define the rank of local deformation as the
rank of the corresponding tri-vector. In the paper, the integrability of local
deformations of rank ρ < 6 is proved and global deformations are constructed.
As a result, we obtain simple Lie algebras of types A¯5 (II), A¯5 (III). The case
ρ = 6 remains open.
Now we introduce the basic definitions. Let L be a Lie algebra over a
field K, F = K((t)), LF = F ⊗K L. Lie algebra LF with multiplication
ft(x, y) = [x, y] + tφ1(x, y) + t
2φ2(x, y) + . . ., where φi are bilinear mappings
over K, is called a global deformation of the Lie algebra L. In particular,
φ1 is a cocycle from Z
2(L, L). Cocycles from one class of cohomology give
equivalent deformations, therefore, to find ones, we consider H2(L, L) as the
space of local deformations. Let R be a root system of type A5 with basis
{α1 = ε1 − ε2, α2 = ε2 − ε3, α3 = ε3 − ε4, α4 = ε4 − ε5, α5 = ε5 − ε6},
A be Lie algebra of type A5 over a field K of characteristic 2, {Hαi(i =
3
1, . . . , 5), Eα(α ∈ R)} be a Chevalley basis of L, dimA = 35. The algebra
A has a one-dimensional center Z with basis Hα1 +Hα3 + Hα5. We denote
the quotient algebra A/Z by L, and the basis of L is denoted as in A. The
algebra A5 is seen as the Lie algebra sl(V ), dimV = 6, and the algebra L
as sl(V )/Z. The adjoint representation gives the action of the group GL(V )
by automorphisms of the Lie algebras sl(V ) and L = sl(V )/Z. In this paper,
the roots and weights of cochains of the Lie algebra L are considered with
respect to a maximal torus of GL(V ).
2. Group H2(L,L) and tri-vectors
The second cohomology group H2(L, L) is found in [6]. It is proved that
dimH2(L, L) = 20, the weights of H2(L, L) are conjugate with respect to
the Weyl group with α1 + α3 + α5, any weight subspace H
2
µ(L, L) is one-
dimensional and having a basis cocycle ψµ =
∑
−γ−δ+µ∈R
E∗
−γ ∧E
∗
−δ⊗E−γ−δ+µ.
The root vector Eα, α = εi − εj of the Lie algebra L will be identified
with Eεi−εj = ei ⊗ fj ∈ sl(V ), where {ei} is a basis of V , {fi} is the dual
basis of V ∗. In fact, we employ the sections of canonical projections of
quotient modules by submodules over GL(V ) and morphisms of restrictions
on submodules. For example, for the natural section s : L −→ sl(V ) we have
s(Eα) = ei⊗fj , α = εi−εj , s(H¯i) = Hi, i = 1, 2, 3, 4. As a result, we obtain
the embedding of C2(L, L) into gl(V )∗ ∧ gl(V )∗ ⊗ gl(V ). The cocycle ψµ is
easy to find, e.g., the weight µ = α1 + α3 + α5 = ε1 − ε2 + ε3 − ε4 + ε5 − ε6
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may be put as the sum of the three roots in the following ways:
(ε1 − ε2) + (ε3 − ε4) + (ε5 − ε6)
(ε1 − ε2) + (ε3 − ε6) + (ε5 − ε4)
(ε1 − ε4) + (ε3 − ε2) + (ε5 − ε6)
(ε1 − ε4) + (ε3 − ε6) + (ε5 − ε2)
(ε1 − ε6) + (ε3 − ε2) + (ε5 − ε4)
(ε1 − ε6) + (ε3 − ε4) + (ε5 − ε2).
The remaining weights are arranged similarly as the sum of summands
ε1, ε2, ε3, ε4, ε5, ε6, where there are three terms with the + sign and three
other with the − sign.
Obviously, the weight ±ε1±ε2±ε3±ε4±ε5±ε6 cannot be represented as
the sum of the two roots (the roots in A5 are εi − εj), therefore H
2
µ(L, L) =
Z2µ(L, L).
Here, we give an implementation of H2(L, L), a sketch being presented
in [17]. The aim is to obtain the realization of GL(V )-module H2(L, L) as a
quotient of GL(V )-modules isomorphic to a shifted module of tri-vectors of
V . Given this identification, we can assume that H2(L, L) is a subspace in
((V ⊗ V ∗)∗ ∧ (V ⊗ V ∗)∗)⊗ V ⊗ V ∗.
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For any space U , the tensor degree U⊗k can be considered as the space of
multilinear functions on the space U∗. The application of the operation of
alternating over the field of characteristic 2 can be written as
A(v1 ⊗ . . .⊗ vk) =
∑
pi∈Sk
vpi(1) ⊗ . . .⊗ vpi(k)
(here we do not divide by k!). In particular, for the alternating function, we
have v1 ∧ v2 ∧ v3 = A(v1 ⊗ v2 ⊗ v3). Thus, we consider Λ
3V to be embedded
in V ⊗3. Obviously, this embedding is equivariant with respect to GL(V ).
Similarly, ((V ⊗ V ∗)∗ ∧ (V ⊗ V ∗)∗)⊗ V ⊗ V ∗ is embedded in V ⊗3 ⊗ V ∗⊗3 as
a space of functions skew symmetric with respect to the first two arguments
from V ∗ and those from V . Therefore, in V ⊗3 ⊗ V ∗⊗3 we have
Λ3V ⊗ Λ3V ∗ ⊂ ((V ⊗ V ∗)∗ ∧ (V ⊗ V ∗)∗)⊗ V ⊗ V ∗.
For short, we do not use the ∧ sign for external multiplication. Note that
in the basis {ei} of the space V , the element eiejek ⊗ fsfqfr as the element
V ⊗3 ⊗ V ∗⊗3 is equal to A(ei ⊗ ej ⊗ ek) ⊗ A(fs ⊗ fq ⊗ fr), being the sum of
36 basic terms. Given the form of the base cocycles ψµ and the embeddings
described above, we obtain the following realization of the space H2(L, L):
H2(L, L) =< eiejek ⊗ fsfqfr, i, j, k ∪ s, q, r = 1, 2, . . . , 6 >⊂ Λ
3V ⊗ Λ3V ∗.
6
We have constructed a natural realization of H2(L, L), which, however,
is not invariant with respect to the action of GL(V ) by automorphisms
of the algebra L, despite the invariance of embeddings of various tensor
spaces. The reason is that we identified H2(L, L) with the direct sum of
some spaces Z2µ(L, L), while H
2 = Z2/B2. The group G = PSL(V ) is a
connected component of the automorphism group of a Lie algebra L. We
identified the space H2(L, L) with the subspace in G-module Λ3V ⊗ Λ3V ∗.
The map of exterior multiplication Λ3V × Λ3V −→ Λ6V is GL(V )-invariant
pairing into the one-dimensional module Kδ, where δ(g) = det(g). There-
fore, GL(V )- module Λ3V ∗ is isomorphic to the module Kδ−1 ⊗ Λ
3(V ). Ob-
viously, the element flfmfn corresponds to the element eiejek, such that
{i, j, k, l,m, n} = {1, 2, . . . , 6}. Further, the GL(V ) - module Λ3V ⊗ Λ3V ∗ is
isomorphic to the GL(V )-module Kδ−1 ⊗Λ
3V ⊗Λ3V . On these modules, the
center GL(V ) acts trivially. Therefore, we have an isomorphism ofG-modules
which the subspace we identified with H2(L, L) maps to the subspace
< eiejek ⊗ eiejek, i < j < k >⊂ Kδ−1 ⊗ Λ
3V ⊗ Λ3V.
Denote Λ3V by W . The space W ⊗W is that of all bilinear functions on
W ∗. Denote by S(2)(W ) the module of symmetric functions. Obviously,
Λ2W ⊂ S(2)(W ) ⊂ W ⊗ W and all embeddings considered are consistent
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with the action of GL(V ). Besides,
S(2)(W ) = Λ2W⊕ < eiejek ⊗ eiejek, i < j < k > .
Therefore, we have the isomorphism of GL(V )-modules
H2(L, L) ∼= Kδ−1 ⊗ (S
(2)(W )/Λ2W ).
The space S(2)(W ) is isomorphic as GL(V )-module to the space m2 of homo-
geneous elements of the second degree of the divided powers algebra O(W )
(see [18]), here m is the maximal ideal of O(W ), while Λ2W is isomorphic to
m
2
2, consisting of homogeneous second degree elements of m
2. Let {wi} be a
basis of W . The classes of elements w
(2)
i , i = 1, . . . , 20 form the basis of the
space m2/m
2
2. Thus, we have obtained the following theorem:
Theorem 1. Let L = sl(V )/Z be a Lie algebra of type A¯5 over an alge-
braically closed field K of characteristic 2, W = Λ3V .
(i) The group H2(L, L) is isomorphic to the GL(V )-module Kδ−1⊗m2/m
2
2,
where m2 is the second term of the standard grading of the maximal ideal of
the divided powers algebra O(W ).
(ii) The action of GL(V ) on m2/m
2
2 is distinguished from the standard
action on the space of tri-vectors of the space V by Frobenius morphism.
(iii) The orbits of the projective space P (H2(L, L) with respect to the
group GL(V ) are in one-to-one correspondence with the GL(V )-orbits of the
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space P (Λ3V ).
The transition to the projective space in statement (iii) is explained by
the factor Kδ−1 in (i). Obviously, cocycles that differ by a constant factor
lead to isomorphic global deformations. The classification of tri-vectors of
a 6-dimensional space over C is known owing to W. Reichel (see [13]). Any
tri-vector can be reduced to one of 5 the canonical types listed in the intro-
duction. Corresponding orbits take place over any algebraically closed field.
The stabilizer in gl(V ) of a tri-vector of the form (V) is equal to sl(3)+sl(3),
therefore the corresponding orbit has dimension 20 and, therefore, is the
orbit of general position (see [11], The Basic Table). According to the the-
orem there is a natural one-to-one correspondence between the elements of
H2(L, L) and tri-vectors. Recall that we define the rank ρ of a cocycle as the
rank of corresponding tri-vector.
3. Global deformations of A¯5 with the local part
of rank ρ < 6
A necessary condition for the prolongation of the cocycle ψ to global defor-
mation is the triviality of the cocycle ψ∪ψ in H3(L, L), where ψ∪χ(x, y, z) =
ψ(χ(x, y), z) + ψ(χ(y, z), x) + ψ(χ(z, x), y). We also define [ψ, χ] = ψ ∪ χ +
χ ∪ ψ.
From the definition of the natural action of Aut(L) on Zk(L, L) right
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away follows that for any g ∈ G, g[ψ, χ] = [gψ, gχ].
We investigate the prolongation of representatives of orbits of types (II)
and (III).
The cocycle corresponding to tri-vector of the type (II) is as follows ψ =
ψε1+ε2+ε3−ε4−ε5−ε6. The cocycle ψ has a nonzero value on pairs of basis vectors
of the form E−εi+εj(i = 1, 2, 3, j = 4, 5, 6) only, and the image of the pair is
some Eεi−εj(i = 1, 2, 3, j = 4, 5, 6). Therefore, ψ(ψ(x, y), z) = 0, ψ extends
to global deformation and [ , ] + tψ defines the Lie multiplication. The
corresponding Lie algebras are denoted by A¯5(II).
The cocycles corresponding to tri-vector of the type (III) is as follows
ψ = ψε1+ε2+ε3−ε4−ε5−ε6 + ψε1−ε2−ε3+ε4+ε5−ε6. Let ψ1 = ψε1+ε2+ε3−ε4−ε5−ε6 ,
ψ2 = ψε1−ε2−ε3+ε4+ε5−ε6. Then ψ ∪ψ = ψ1 ∪ψ1 + [ψ1, ψ2] +ψ2 ∪ψ2 = [ψ1, ψ2]
(for all basic cocycles ψ ∪ ψ = 0).
We introduce an abbreviated notation for 2 cochains: if ϕ(Eεi−εj , Eεk−εs) =
Eεt−εr , then we think that the set [{εi−εj, εk−εs}, εt−εr] enters the cochain
ϕ and conditionally write the cochain ϕ as the sum of the sets included. In
a similar way, we write 3-cochains.
The cocycle [ψ1, ψ2] has the weight 2(ε1−ε6) = (ε1+ε2+ε3−ε4−ε5−ε6)+
(ε1−ε2−ε3+ε4+ε5−ε6). Determine how many sets are included in ψ1∪ψ2.
In order for the set to be in ψ1 ∪ ψ2, the last element of the set included in
ψ2 must coincide with one of the first elements in the set of ψ1. It is only
possible for −ε2+ε4, −ε2+ε5, −ε3+ε4, −ε3+ε5. Consider, e.g., −ε2+ε4. ψ2
includes [{−ε1+ε3,−ε5+ε6},−ε2+ε4] and [{−ε1+ε6, ε3−ε5},−ε2+ε4]. For
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the first set, there are 4 variants of the third element in the corresponding set
in ψ1∪ψ2: −ε1+ε5,−ε1+ε6,−ε3+ε5,−ε3+ε6. As for the second, there are
3 only, since there is a coincidence with −ε1 + ε6. There are only 7 options
available. The situation is similar for the rest of sets. We get that ψ1 ∪ ψ2
includes 7·4 = 28 sets totally. The same number of sets is included in ψ2∪ψ1.
But ψ1∪ψ2 and ψ2∪ψ1 have matches. In each group of 7 elements described
above there is an element of the form [{−ε1 + ε6, ε3 − ε5,−ε3 + ε5}, ε1 − ε6].
It is repeated in ψ2 ∪ ψ1. Therefore, [ψ1, ψ2] includes 48 sets.
Consider the cochain
ϕ = [{−ε1 + ε5,−ε5 + ε6}, ε1 − ε6] + [{−ε1 + ε5,−ε1 + ε6}, ε5 − ε6] +
+ [{−ε1 + ε6,−ε5 + ε6}, ε1 − ε5] + [{−ε4 + ε6,−ε1 + ε4}, ε1 − ε6] +
+[{−ε1+ε4,−ε1+ε6}, ε4−ε6]+ [{−ε1+ε6,−ε4+ε6}, ε1−ε4]. We can show
that dϕ also includes 48 sets. Note that dϕ(E−ε1+ε5, E−ε5+ε6, E−ε1+ε6) = 0
and dϕ(E−ε1+ε4, E−ε4+ε6, E−ε1+ε6) = 0, so when counting the sets included in
the differential of the parts of ϕ we exclude them. As a result we obtainHα1+
Hα3+Hα5 which is the central element of A5. The number of remaining sets in
d[{−ε1+ε5,−ε5+ε6}, ε1−ε6] is 14. In fact, there are the sets [{−ε1+ε5,−ε5+
ε6,−ε1+εi}, εi−ε6] (i = 2, 3, 4) the sets [{−ε1+ε5,−ε5+ε6, ε6−εi}, ε1−εi]
(i = 2, 3, 4) the sets [{−ε1+ εi,−εi+ ε5,−ε5+ ε6}, ε1− ε6] (i = 2, 3, 4, 6) and
the sets [{−ε1 + ε5,−ε5 + εi,−εi + ε6}, ε1 − ε6] (i = 1, 2, 3, 4), all in all 14.
The same number of sets can be observed in d[{−ε4 + ε6,−ε1 + ε4}, ε1− ε6].
In the remaining parts of dϕ there are 13 sets, the total number being 80. In
the differentials 1 and 4 as well as 3 and 6 parts of ϕ there are two matches,
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while in 2 and 5 parts being no matches. The remaining pairs have one match
each. Thus, from 80 sets under consideration, in fact, 48 ones should be left
(80-32 = 48). Further, it is easy to verify that if a set is included in [ψ1, ψ2],
then it enters dϕ as well. Therefore, [ψ1, ψ2] = dϕ.
Since ϕ has the weight 2(ε1 − ε6), then ϕ ∪ ψ1 has the weight 3ε1 +
ε2 + ε3 − ε4 − ε5 − 3ε6 which cannot de obtained as a sum of four roots
(the sum of positive coefficients is 5). The cochain ϕ ∪ ψ2 has the weight
3ε1 − ε2 − ε3 + ε4 + ε5 − 3ε6, which cannot be obtained as the sum of four
roots, either. Finally, ϕ∪ϕ has the weight 4(ε1−ε6) and cannot be obtained
as the sum of four roots, if at least three of which are different. Therefore,
ψ1+ψ2 continues to global deformation and [ , ]+t(ψ1+ψ2)+t
2ϕ defines the
Lie multiplication. The corresponding Lie algebras are denoted by A¯5(III).
Thus, cocycles of the rank ρ < 6 continue to the global deformations A¯5(II)
and A¯5(III).
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